A model of a two-stage thruster with anode layer is developed based on a two-dimensional hydrodynamic approach. Each stage is considered separately, while the solution of the first stage provides the boundary conditions for the second stage. Current-voltage characteristic of the discharge in the first stage is calculated and is found to be in agreement with experiment. In the acceleration channel the plasma-wall interactions are studied and expansion of the high-voltage sheath near the acceleration channel wall is investigated. It is predicted that under the typical conditions the sheath expands significantly and the quasi-neutral plasma region is confined in the middle of the channel. For instance, in the case of a 3 kV discharge voltage, the sheath thickness is about 1 cm, which is a significant portion of the channel width. It is shown that near-wall sheath expansion leads to a shorter acceleration region. Wall erosion by the energetic ions is calculated. The erosion profiles and the total erosion rate generally agree well with available experimental data. Plasma flow analysis provides the boundary conditions for the plume expansion study. The plume model is partially validated by comparison of the ion current density distribution with experimental data. = ion mass N s = plasma density at the sheath edge n = plasma density n a = neutral density Q ion = ionization energy losses Q j = joule heat Q w = electron energy losses to the walls s = sheath thickness T e = electron temperature U = voltage across the sheath
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A model of a two-stage thruster with anode layer is developed based on a two-dimensional hydrodynamic approach. Each stage is considered separately, while the solution of the first stage provides the boundary conditions for the second stage. Current-voltage characteristic of the discharge in the first stage is calculated and is found to be in agreement with experiment. In the acceleration channel the plasma-wall interactions are studied and expansion of the high-voltage sheath near the acceleration channel wall is investigated. It is predicted that under the typical conditions the sheath expands significantly and the quasi-neutral plasma region is confined in the middle of the channel. For instance, in the case of a 3 kV discharge voltage, the sheath thickness is about 1 cm, which is a significant portion of the channel width. It is shown that near-wall sheath expansion leads to a shorter acceleration region. Wall erosion by the energetic ions is calculated. The erosion profiles and the total erosion rate generally agree well with available experimental data. Plasma flow analysis provides the boundary conditions for the plume expansion study. The plume model is partially validated by comparison of the ion current density distribution with experimental data. = ion velocity at the sheath edge = ionization rate ' w = voltage drop across the sheath near the channel wall " = permittivity of vacuum ef = effective electron collision frequency w = frequency of electron collisions with walls i, a, e = subscript for ions, neutral atoms, and electrons, respectively I. Introduction H ALL thrusters are among the most advanced and efficient types of electrostatic propulsion devices. The electric field in the Hall thruster is perpendicular to the magnetic field, and thus passing the electron current across a magnetic field leads to an electron closed drift or Hall drift that provides the efficient gas ionization. In the Hall thruster the particle acceleration takes place in a quasi-neutral plasma and thus is not limited by space charge effects unlike the ion thruster counterpart. The original idea of ion acceleration in crossed fields by using a magnetron-type configuration was first introduced by Zharinov [1, 2] Since the initial development of this idea in the 1960s, numerous experimental and theoretical investigations have been conducted [3] [4] [5] [6] [7] [8] [9] [10] .
In a thruster with anode layer (TAL), the ion acceleration takes place over a thin layer near the anode with a length of about the electron Larmor radius. This is why the term "anode layer" was attributed to the Hall thruster with metal walls [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In this thruster, an electric discharge in the E B fields is created in the short gap between magnetic poles where closed electron drift takes place. In this magnetized layer, the neutral atoms are ionized and accelerated.
Recently an interest in development of high-power Hall thrusters was renewed due to the fact that TAL technology has wide technical capabilities and range of parameters [11] [12] [13] . In Hall thrusters, a substantial fraction of the ions is directed toward the channel wall. The channel wall limits the discharge in the radial direction and protects the magnetic poles from erosion. Ion interaction with walls leads to wear of these walls due to ion bombardment and results in a shortened lifetime of such accelerators. Because reduced erosion of various thruster components, such as electrodes, insulators, screens, etc., is critical for the long term operation of the thruster, the TAL variant of Hall thruster technology seems to be beneficial because it has a very small acceleration region and therefore small area in contact with ions of materials where possible erosion occurs. Recently, a two-stage TAL that was developed more than 25 years ago by TsNIIMASH was presented [12] . This thruster using bismuth as the propellant demonstrated increasing efficiency with operating voltage through 8 kV and specific impulse in the range of 2000-5000 s at power levels of 10-34 kW. Having many advantages, bismuth was found to be a suitable option as a propellant. Bismuth has low ionization potential, is heavy, and significantly less toxic than mercury, while much cheaper than xenon [12] . A detailed comparison between various propellant options for Hall thrusters was recently performed [14] . It was concluded that bismuth has some superior properties for high thrust, low specific impulse missions.
Bismuth has advantages such as low cost, low ionization potentials, and lower sputter erosion.
It was demonstrated that TALs can operate in both single and twostage regimes; in the two-stage regime, ionization and acceleration take place in two separate discharges, so that at the exit plane of the first stage, the plasma is highly ionized and additional ionization in the second stage is insignificant [12] . It was demonstrated that the two-stage regime of operation has many advantages, for instance, the possibility to achieve much higher specific impulse [15] . When a two-stage thruster is considered, the most important region in terms of long time operation is the second acceleration stage in which a very large voltage drop is applied. Although, theoretically, discharges in both stages are separate, there is a coupling in which the second stage discharge affects the first stage discharge. Below some low discharge voltage at the first stage limit, which is about 250 V, the discharge in the first stage cannot be sustained without the second stage [16] . In this mode the discharge is diffuse and it was found that plume divergence is minimal [16] . Thus, this discharge mode is preferable for a two-stage thruster.
Recently it was shown that an important aspect of high-power TAL's is the sheath formation near the channel wall [17] . Typically in a TAL, the channel walls have potential, which is equal to the cathode potential, leading to a significant potential drop between the wall and the plasma. As a result, a high-voltage space charge sheath is formed and the sheath thickness can be comparable to the channel width. Therefore, a transition between quasi-neutral and space charge regimes can occur in the case of a high voltage in the second stage [17] . This transition can have a significant effect on the TAL operation and therefore is extremely important for practical applications.
In this paper various aspects of the two-stage high-power bismuth TAL are studied. Models of plasma flow in the first and second stages are developed based on a 2-D hydrodynamic approach. In the second stage, plasma-wall interactions are studied in detail. In particular, erosion of the channel wall due to energetic ion impact is analyzed. Plasma flow analysis in the thruster provides boundary conditions for the plume simulation. Plasma plume expansion under various conditions is investigated. The overall model is validated by comparison with existing experimental data.
II. Model of TAL Plasma Flow
The considered thruster has a two-stage configuration to separate the ion production and acceleration zones. Previously, a model of the second acceleration stage was developed [17] . Recent efforts are concentrated on development of the first ionization stage. To this end, a 2-D hydrodynamic model of the first stage of the VHITAL-160 is developed. The diffuse form of the discharge in the first stage is studied. This form of the discharge is sustained by the acceleration stage according to previous experiments. Therefore the model of the first stage is coupled with the acceleration stage [17] and initially electron temperature is used as a downstream boundary condition.
In this section, we consider the plasma flow, which starts at the anode of the first stage. Quasi neutrality is assumed and therefore the plasma presheath-sheath interface is considered as the lateral boundary for the plasma flow region. This model was described in detail elsewhere [18] . Here we just briefly review the main points of the model. We employ a hydrodynamic model in a 2-D domain assuming that the system reaches a steady state as shown in Fig. 1 . A radial component of the magnetic field only is considered. The momentum and mass conservation equations for electrons, ions, and neutrals under such conditions have the following form:
r V a n a nn a (3)
where Q j j e E is the joule heat, Q w w n2eT e e' w represents the electron energy losses to the walls, and Q ion en a nU i represents ionization energy losses. The ionization rate is taken from [19] . To simplify the problem without missing the major physical effects, we consider one-dimensional flow of the neutrals, that is, V a V az . Because of a large potential drop across the sheath (see Sec. IV) it is assumed that the current flows only in the axial direction and current density is constant along the channel. Finally, electron transport is considered in a one-dimensional framework along the channel median. Because only the radial magnetic field component is considered, the electron transport is much greater in the azimuthal direction (E B drift) than in the axial direction (drift diffusion due to collisions). We consider that electron transport across the magnetic field is due to several collision mechanisms: electron-neutral collisions and anomalous (Bohm) diffusion: ef en B , where ef is the effective electron collision frequency. It was recognized long ago that including the classical mechanism of collisions cannot explain the electron transport observed in a Hall thruster [20] . However, there is no consensus about which of the possible mechanisms of electron transport is most significant in the Hall thruster [20] . In the TAL, which does not have significant secondary electron emission, anomalous transport due to plasma turbulence may be important. In the present work we will include anomalous (Bohm) transport [21] . The effective electron collision frequency related to the anomalous transport (Bohm diffusion) can be estimated as B ! e , where 1=16 is the Bohm empirical parameter in the classical formulation. The best fit with the experimental data of the potential drop for a given discharge current corresponds to 1=100 instead of the classical value 1=16. It should be noted that the conclusion derived by different authors was that the best fit with experiment corresponds to 1=80 to 1=100 ( [17, 18, 20] ).
The model includes bismuth evaporation and current continuity analysis at the anode. The near anode sheath is considered for which the potential drop is
The discharge current in the range of 4-6 A is considered. The simulations correspond to the following case: mass flow rate is 10 mg=s, magnetic field is 0.15 T, and acceleration voltage is 2-5 kV.
To obtain a solution of the system of Eqs. (1-5) the following boundary conditions must be specified. At the downstream boundary (thruster exit plane) we specify an electron temperature of T e 10 eV [18] . The plasma density at the entrance to the second stage is determined by the ionization rate in the first stage. Boundary conditions for ion velocity and density at the walls are determined by considering a plasma-sheath transition as described elsewhere [17] .
The numerical analysis is similar to that developed previously [22] . We use the implicit two-layer method to solve the system of Eqs. (1) (2) (3) (4) (5) . These equations are approximated by a two-layer six point scheme. The electron temperature distribution is calculated by iteration initially assuming a trial temperature distribution that satisfies the boundary conditions.
III. Analysis of the Ionization Stage in a Two-Stage TAL
In this section, we describe results of the computation of the plasma flow and electric characteristics of the discharge in the first ionization stage of the two-stage TAL. In particular, the ionization processes are studied in detail in the model of the first stage. The following input parameters are used to set up the problem: mass flow rate, discharge voltage, thruster geometry, and magnetic field distribution. Electron temperature calculated in the acceleration stage is used as a boundary condition. In the case of a 3 kV acceleration stage voltage, the electron temperature at the interface between the two stages is about 18.5 eV. In the ionization stage, the energy equation [Eq. (5)] is simplified and a simple linear dependence of the electron temperature on the discharge voltage is used: T e U d . According to previous models of the anode layer, it can be assumed that 0:1 [23] . Thus a higher discharge voltage will lead to a higher electron temperature in the ionization region.
The ionization fraction distribution in the ionization layer is shown in Fig. 2 with the discharge voltage as a parameter. Plasma density n ea at the anode was assumed to be 0.01. It was found that initial plasma density does not affect the ionization process significantly. Higher discharge voltage leads to higher electron temperature that in turn affects the ionization rate. As a result, one can see that the higher discharge voltage causes a higher ionization degree near the anode. The ionization fraction sharply increases near the anode at a distance of about a millimeter and then saturates at the level dependent on the discharge voltage.
The two-dimensional density distribution in the first stage is shown in Fig. 3 . It can be seen that the plasma density peaks near the anode due to strong ionization and then decreases due to acceleration of the ions along the channel.
One of the most important parameters of the discharge is the current-voltage characteristic. The calculated characteristic for the first stage is shown in Fig. 4 . According to the model prediction, the discharge current increases with the discharge voltage. Higher discharge current is supported by increased ionization as shown above. The typical experimental characteristic is also shown in Fig. 4 . It can be seen that the thruster has an optimal discharge characteristic in a narrow range of discharge voltage. This optimal range of the discharge voltage is calculated here. Higher discharge voltage (above 250 V) leads to very high electron temperature in the first stage and causes significant increase of the discharge current as well as the acceleration stage current. The discharge current in the first stage increases with the voltage, while the discharge current in the second stage is fairly constant. The discharge current increases due to ionization increase in the vicinity of the anode as shown in Fig. 2 . On the other hand, the plasma density at the exit of the first stage is fairly independent of the discharge voltage thus leading to flat dependence of the acceleration stage current on the discharge voltage. One can see that our model predictions are in good agreement with experiment.
IV. Analysis of the Acceleration Stage
The solution of the plasma flow in the first stage provides the boundary conditions for the acceleration stage. In the acceleration stage, a coupled problem of the quasi-neutral plasma region and the near-wall sheath is considered. Our previously developed model of the acceleration stage [17] is extended to include the effect of sheath expansion. It was shown that the length of the acceleration channel cross section decreases due to sheath expansion [17] . This effect can be explained by invoking the following simple argument. When a negative voltage (cathode potential in the case considered) is applied to a surface immersed in a plasma, electrons are repelled from the surface, leading to sheath formation. Electrons drift away from the surface due to the presence of the high electric field. In the steady state, the ions are then accelerated toward the surface by the electric field of the sheath. In the one-dimensional steady-state case the sheath thickness can be estimated according to the Child-Langmuir law [24, 25] :
In a bismuth TAL, the channel wall has a potential equal to the cathode potential and therefore the voltage across the sheath U is equal to the plasma potential and varies along the channel. Similarly, the steady-state sheath thickness in a partially magnetized plasma was calculated in a plasma immersion ion implantation system [26] .
One can see that the steady-state sheath thickness is determined by the plasma density and ion velocity at the sheath edge for a given bias voltage. In general, the high-voltage sheath expands significantly and the quasi-neutral plasma region is confined in the middle of the channel. For instance, in the case of a 5 kV discharge voltage, the sheath thickness is about several centimeters, which is a significant portion of the channel width. Thus, sheath expansion leads to a decrease of the acceleration region length. The typical plasma density distribution in the acceleration channel is shown in Fig. 5 . In these calculations, electron depletion due to the high-voltage sheath expansion is taken into account. The plasmasheath interface is considered as a boundary for the quasi-neutral plasma flow. One can see that the quasi-neutral plasma region is confined in the middle of the channel especially at the anode side of the channel.
One of the important parameters of the acceleration region is the acceleration layer length. Previously, it was shown that the acceleration layer length decreases due to the effect of the sheath near the wall [17] . This effect can be explained using rather simple physical reasoning. The acceleration layer length is determined by the balance between the electron flux and the electron drift across the magnetic field: e ? n e E j e I As (8) where As is the acceleration channel cross section dependent on the sheath thickness s. The electric field can be estimated as U a =d a . Taking this into account and assuming the Bohm-type electron mobility across the magnetic field ? 1=B one can obtain d a r ce As (9) Thus, one can see that the acceleration layer length decreases with As decrease due to sheath expansion. It should be pointed out that sheath expansion should be taken into account if one needs to calculate the acceleration layer length for design of a new TAL.
V. Erosion Study
Based on the output from the model, we calculated the erosion of the guard ring, which is the most critical part of the second stage of the considered TAL. Unfortunately, there are no available measured data on sputtering coefficients for many materials under bismuth bombardment. Therefore we use a simulated sputtering yield of bismuth ions on a molybdenum target predicted by the TRIM code. § We consider guard ring walls made out of molybdenum in order to compare model predictions with some available experimental data summarized in [16] . The sputtering yield depends on the ion energy and angle of incidence. Because of sheath expansion in the acceleration stage as considered in the previous section, ions accelerate to the wall across the sheath to the energy equivalent of the sheath potential drop. This adds to the ion energy due to acceleration in the electric field in the axial direction. Toward the exit plane, the potential drop across the sheath decreases; thus the ion velocity component normal to the wall also decreases. The sheath thickness distribution along the acceleration channel and dependence on the acceleration voltage are shown in Fig. 6 . It can be seen that the sheath thickness significantly decreases toward the thruster exit plane. This effect will be important in the evaluation of the erosion profile as will be described later.
The calculated erosion rate is shown in Fig. 7 . One can see that erosion peaks inside the channel near the exit plane. The erosion rate then decreases toward the exit plane due to the decrease of the potential drop in the radial direction in the sheath. On the other hand, the erosion rate profile depends on the fraction of the voltage inside the channel as shown in Fig. 7 . In the case of an entire voltage drop inside the channel, the erosion rate peaks near the exit plane, whereas in the case of a significant voltage fraction in the near plume, the erosion profile has its peak at the exit plane. The later dependence is more consistent with the experimental observations [16] . One can see that about 1 mm will be eroded after 260 h, which corresponds to experimental data [16] . It is known that in general significant ion acceleration occurs in the near plume, thus suggesting that one should consider only a fraction of the acceleration voltage inside the channel. It should be pointed out that the overall erosion profile and the total erosion of the guard ring wall are consistent with experimental observations [16] .
VI. Plume Study
2-D plume modeling is also being conducted for spacecraft integration assessment. Some preliminary results are presented here. The number density at the exit of the thruster is of the order of 10 16 -10 18 m 3 . This indicates that the flow is not in the hydrodynamic regime, but also that there will be some collisions that need to be taken into account. The numerical approach employed in the present work employs a hybrid particle-fluid approach. The bismuth ions (only singly charged) and atoms are simulated as KEIDAR, CHOI, AND BOYD particles using the direct simulation Monte Carlo (DSMC) method [27] to simulate collisions, and the particle-in-cell (PIC) method [28] to accelerate the ions self-consistently in electrostatic fields. Because of their significantly smaller length and time scales, electrons are simulated using a hydrodynamic fluid approach. In the present work, the electron fluid model simply uses the Boltzmann relation that provides the plasma potential based on the plasma number density that is obtained directly from the spatial distribution of the ions under the assumption of charge neutrality. Although more advanced electron fluid models have been developed recently for xenon plasma plumes [29] , the Boltzmann relation is considered a sufficient approach for this preliminary study. A critical aspect of these simulations concerns the cross sections for charge and momentum exchange as these are important mechanisms leading to plume divergence. In the present work, the charge exchange cross sections employ the semiempirical general model of Sakabe and Isawa [30] . When a charge exchange event occurs between a bismuth ion and a bismuth atom, it is assumed that no collisional scattering occurs. Based on conclusions drawn for an xenon plasma [31] , it is assumed that the momentum exchange cross section between an ion and an atom is identical to that for charge exchange. For momentum exchange between two atoms, the variable hard sphere (VHS) collision model of Bird [27] is employed. Coulomb collisions are omitted from the present analysis. All momentum exchange collisions are assumed to follow isotropic scattering. Most of the properties at the thruster exit are obtained from the thruster modeling. The ion velocity distribution function is a shifted Maxwellian with drift velocity, and ion density is taken from the 2-D model of the acceleration stage. The initial plume angle is then allowed to vary linearly across the radial extent of the thruster exit between lower and upper values. The ion temperatures are varied in order to obtain the best agreement with the available experimental data. R 0 is applied as an axis of rotation so R < 0 is not included in simulations. In both experiment and simulation, the ion collecting surface was perpendicular to the thruster axis. The plasma potential in the thruster exit is assumed to be 0 V and the electron temperature in the Boltzmann model is 15 eV. In Figs. 8a and 8b , contours of the ion and atom number densities are shown, respectively. The simulations are conducted at a finite back pressure of 10 5 torr. These results clearly indicate the very focused beam that is produced by the VHITAL thruster. Indications of charge exchange ions escaping from the main beam are also present. Very limited experimental data in the plume are available from the Russian experiments of the 1980s [16] . The most reliable data consist of radial profiles of ion current density taken 70 cm downstream of the thruster exit. Figures 9 and 10 show a comparison between these measured data and the simulation data obtained with a thruster exit ion temperature of 1 eV. Initial angle indicates the lower and upper values of the initial plume angle at the thruster exit assumed for each plume simulation. In the special case of 4; 4 this means that a uniform plume angle of 4 deg was applied, and so it is like a beam skewed to an angle of 4 deg.
The simulation results offer generally good agreement with the measured data, but are sensitive to the values assumed at the thruster exit plane for the ion temperature and initial plume angle as shown in Figs. 9 and 10. One can see that ion current density distribution is affected strongly by the plume angle at the thruster channel exit plane. A smaller initial angle leads to a more collimated plume. Future plume simulation work will consider additional experimental data sets as well as working toward the inclusion of magnetic field effects on the plume plasma.
VII. Concluding Remarks
In this paper, a model of a two-stage thruster with anode layer based on a two-dimensional hydrodynamic approach was described. We considered both ionization and acceleration stages separately, having used the solution of the first stage as the boundary conditions for the second stage. It was found that the predicted current-voltage characteristic of the discharge in the first stage is in good agreement with experiment. The thruster has an optimal discharge characteristic in terms of fairly constant acceleration current in a narrow range of discharge voltage (90-250 V). Higher discharge voltage (above 250 V) leads to very high electron temperature in the first stage and causes significant increase of the discharge current as well as the acceleration stage current. In the acceleration channel, plasma-wall interactions such as formation of the near-wall sheath was considered. An expansion of the high-voltage sheath near the acceleration channel wall was investigated. The model predicted that under the typical conditions, the near-wall sheath expands significantly and the quasi-neutral plasma region is confined in the middle of the channel. For instance, in the case of a 3 kV discharge voltage, the sheath thickness is about 1 cm, which is a significant portion of the channel width. In addition it was shown that near-wall sheath expansion leads to a shorter acceleration region.
Based on the plasma properties in the acceleration region, the guard ring erosion profile was calculated and it was shown that the erosion rate profile depends on the fraction of the voltage inside the channel. In the case of an entire voltage drop inside the channel, the erosion rate peaks near the exit plane, whereas in the case of a significant voltage fraction in the near plume, the erosion profile has its peak at the exit plane. The erosion profile and the total erosion of the guard ring wall were found to be consistent with experimental observations. Plasma flow analysis provided the boundary conditions for the plume expansion study. A hybrid particle-fluid model of the thruster plume was developed. It was shown that the ion current density distribution in the plume generally agrees well with available experimental data thus partially validating our overall modeling approach. 
